Gevrey vectors of multi-quasi-elliptic systems 

Chikh BOUZAR and Rachid CHAILI 

Abstract. We show that the multi— quasi-ellipticity is a necessary and suffi- 
cient condition for the property of eUiptic iterates to be hold for multi-quasi- 
homogenous differential operators. 



1. Introduction 

The aim of this work is to prove the property of elliptic iterates for multi-quasi- 
elliptic systems of differential operators in generalized Gevrey spaces G'^''^ (il) , 
where T denotes the Newton's polyhedron of the system {Pj)^^^- The property of 

elliptic iterates for the system {Pjfj^i ™ generalized Gevrey classes G'^'* (fi) 
means the inclusion 

Let Pj {x, D) — aja [xq) D°',j = 1, .., N, denoted {Pj)^^i , be linear differ- 
ential operators with C°° coefficients in a open subset VL of M". 

Definition 1. Fix xq G 51, we define the Newton's polyhedron of the sys- 
tem {Pf)^_^ at the point xq, noted J- {xa) , as the convex hull of the set {0} U 
{a e N", 3j g {1, .., N} ; Oja (xq) 7^ 0} . ^ Newton's polyhedron T is said regular if 
there exists a finite set Q (J-) C such that 

T= r\ jg G M", <a.q>< l| 
If S {T) designs the set of vertices of we put 
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and 

k{a,T) = M {t > 0, t^^a e J^} , a e 



^ (T) = max g \ j = 1, ..,n 

qeQ{3^) ^ 



(•^) = max {T) 

l<]<n ■' 



Definition 2. Let T he a regular polyhedron and s G K+, we denote G'^'* (fi) 
t/ie space o/ w G C°° (ft) such that \/H compact of V,, 3C > 0, Va G N", 

(1.1) sup \D"'u\ < gI"I+i [r in (T) kia,T) + i)Y 

H 

Remark 1. We can take sup^ or \\D°'u\\j^2^fj-^ in the definition, accord- 

ing to Sobolev imbedding theorems. 

Definition 3. The system {Pj)^^i is said multi- quasi- elliptic in VI if 

1) T [x) — T does not depend of x Cz fl 

2) J- is regular 

3) Mx G 17, 3G > 0, 3R > 0, G R", > R, 

N 

v{0<cY,\PA^,0\ 

Definition 4. Let {Pj)^^i be a system of linear differential operators satisfy- 
ing the conditions 1) and 2) of definition 3 and s G IR.+ , we denote G* ^il, {Pj)^^ij 
the space of u G C°° (n) such that ViJ compact of n, 3G > 0, V? G N, 1 < < N, 

(1.2) \\p,,...p,,u\\^.^„^<c'+Aiir^^^ 

The aim of this work is to show the foUowing theorem. 

Theorem 1. Let f2 be an open subset o/K",(t > s > 1 and {Pj {x,D))^^^ be 
a system of linear differential operators with G^^'^''"^ (57) coefficients, then 

{Pj)^^i is multi- quasi- elliptic in 57 4=^ ^57, {Pj)^^^ C G'^'* (57) 

For differential operators with constant coefficients we have shown in Q a more 
general result. 

2. Sufficient condition 

Instead of Q [T) , k {T, a) , /i (JF) , /i^ (T) , 9 (JF) we write, respectively, Q, k (a) , fi, 
Denote K. = {k ~ k {a) : a G N"} and uj any open subset of M". If u G G°° (w) and 
k £ IC, define 



U T2 



if M e (M") we write \u\^^ . For p > 0, we denote Bp = <j x e M", x^^"''^ < 



Let {Pj)^^i be a system of linear differential operators with coefficients defined 
in an open neighborhood of the origin satisfying the following conditions 

i) The system {Pj)^_^ is multi-quasi-elliptic in fl. 

ii) The coefficients a^a G C^'" (^2) ,Va £ N",Vj G {1, ..,N} . 

We define for j = 1, N, and e N, 

(x, D) = Pj {x, D)o-- oPj {x, D). 



h times 



From the multi-quasi-ellipticity of the system {Pj)^^i and following the proof 
of the lemma 3.4 of 0, we easily obtain 

Lemma 1. There exists Pq > 0, Ve g]0, ^^^[jff (n) denote the number of ele- 
ments of JCn [0, n[), we have 

3Ci > 0,3C2 (e) > 0,V<5 e]0,l[,Vp > 0,Bp+s C Bp^^u e C°° {Bp J ,yp>n, 
l"Ui.B, < ij:\Pri^,D)ul_^^^^^^^^+e\u\^^,^^^^^ + ieS)^^^^ 



p 



\p+l-h 



, hi 

h=0 ^ 

and for p < n, we have 
(2.2) 

Let A > and i? > 0, for p e N, we set 

ap(«,A) = ap(7i,A,i?) = (p!)-^^A-P sup {R-prHpB 

R/2<p<R 

Lemma 2. Let Pq be as in the lemmal and let < R < 1 such that Br C 

then EIAq > ^Aq depends only of R and [Pj)^^-^ , Vu G C°" {Bp^) ,VA > Ao,Vp > 
n, 

(2.3) 

N p 

ap+i {u, X)<[{p^n + 2) ... (p + 1)]-^'^ (^7^' ^) + E ^'^ ^) ' 

i=i h=0 

and for p < n — 1, 

N 

(2.4) ap+i (?/, A) < (p + 1)!-^^ '^0 (^r'"' ^) + ^) 

Proof. Letp > n, multiplying both sides of inequality (2.1) by {p -f 1)!~^^A"''"^ {R - pY^ 
taking 6 = p^~!^2 ^^'^ then passing to the sup over p G [i?/2, R[, we obtain 

cTp+i {u, A) < Ci {h + eh + e-"^/3 + h) , 
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where 



J sr y^~p I p" I 



^ 2^1 (p+i)! j ^ap_„+i (P^. 7., A) 



\(p+i)a' 



\p+l-h 



By a suitable choice of e, we find 

O-p+l {U, A) < [ -^^1 j A^ CTp-n+l (P,- U, A) + -^CTp_„+i (w, A) 



t) '"■<«-^' 

h=0 



It suffices to take Xq — Ci + C2 + C3 + C4 to get (2.3) . For the inequahty (2.4) we 

(p+1)! 



multiply both sides of inequality (2.2) by -priYr^Tr^^FFT , take 5 — -^^j^ and then we 



follow the same procedure as for (2.3) 

Lemma 3. Let Pq,R and Aq be as in lemma 2, then Vu £ C°° {Bp J , VA > 
Ao, Vp e N, 

p+i , 

(2.5) ap+i(7.,A)<2f+Vo(u,A)+5]2J'+i-'C^+i— ^ ^ ao (P,, ..P,,u, A) 

/=i ^ i<j<i 

l<ij<N 

Proof. It's obtained by recurrence over p as in lemma 3.2 of 1^. | 
Our first result is the following theorem. 

Theorem 2. Let ft be an open subset o/R" , s > I and let (P, (x, Z?))^^ be a 
system of linear differential operators with G^''' (fJ) coefficients, then 

(Pj)f=i multi-quasi-elliptic m VL ^ {vi, (^i)^i) ^ G^'' i^) 

Proof. It is sufficient to check (I.f ) in a neighborhood of every point x of VL. 
Let X be the origin, then there exist p^, Ao and R such that the lemmas hold. 

Let u ^ G^ {vl, {Pj)jLij 1 then there exists C'l > such that 
ao (P,,..P.,u, Ao) < C[+' {llY'' ,yieN, 
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hence from (2.5) , we obtain 

cjp+i {u, Ao) < Ci (2 + NCiY+^ , Vp e N, 

which gives 

(2.6) < {p+ir^c^r''"'^' yp e N 

Let fc G /C, if fc > n — 1, then k = p + where p = [k — n] + 1 and r G [n — 1, n[ 
The interpolation inequahty from |M lemme 2.3] gives 



R/2 



( \ 

p<t<p+n— 1 



Ce IwL R 



\ p<t<p+n-l / 



If we set e = ( r(p+Tt+i) ) ' obtain, with (2.6) , 

,^^^<c^'^+'{r{k + i)r{2 + cc3)+ 



p<t<p+n — l 



where C3 is the constant of the inequahty 

Applying again the above interpolation inequality to ^ I'^lt s i ^ = 

te/c ' 

/i<i</i+n-l 

0, ..,p, we find 

Itxlfc,^^^, < ^2^^+' (r (fc + 1))^'' (2 + CO V {nY , 

where v (n) is the number of elements of /C n [0, n[. 
Similarly, if fc < n — 1, wc find 

\u\,,,^^^<C','^+'{Tik + l)ril + CC,) 

Hence for all fc e /C, we have 

(2.7) |^|,_^^^^<C^>+i(r(fc + l))^^ 

By the imbedding theorem of anisitropic Sobolev spaces, if / G /C and I > -f^, 

n 

where k (e) = max J2 Ij^ then 3C > 0, Va G N", 

sup \D-u\<C\D-u\i ,,^^^, 

consequently from (2.7) we get the estimate (1.1) | 

As a consequence of this theorem, we obtain a result of Gevrey hypo-ellipticity 
for multi-quasi-elliptic systems. 

Corollary 1. Under the assumptions of theorem 2, the following propositions 
are equivalent 

i) ueV' (fl) , PjU G G-^^" (fl) , Vj = 1, .., TV. 

ii) u G G-^'" {Vl) . 
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3. Necessary condition 



In this section we prove the reciprocal of the theorem 2. For this aim we need a 
racterization of the multi-quasi-ell 
in the case of a scalar operator in |^ . 



characterization of the multi-quasi-ellipticity for the system {Pj{x, D))^^^, known 



Proposition 1. A system {Pj)j^i, satisfying 1) and 2) of Definition 2, is 
multi- quasi- elliptic in if and only if for any x G 11, Vg G Q, 

N 

where Pjq is the q- quasi-homogenous part of Pj, i.e. 

<a,q> = l 

Theorem 3. Let U be an open subset of and Pj{x,D), j = 1,..,N, be 
differential operators with G^''^ {Vl) coefficients, if s > a > 1, then 

(n, (-Pj)j^i) C G^ ' (fl) ^ (-Pj)^i is multi-quasi-elliptic m fl 

Proof. Assume that the system {Pj)^^i is not multi-quasi-elliptic, then there 
exists G 11, 3(7 G Q and G -S"'"^, $o.i---^o.n 7^ 0; such that 
(3.1) P,,(a;o,^o) -0, Vj = l,..,7V 

We shall construct a function u G G" {p',{Pj)^=ij ^^^^ " ^ G'^''* (fl), wich 
contradicts the hypothesis. Choose e such that 

< e < ^^-^^ — ^ < i and £ < min u(l-</3, g>) , 

, 1 — el ^jL 
and put rj = . 

let (5 > such that the ball Bq = B {xq, 2S) be relatively compact in il, and let 
ip G G«''"^ (M") with compact support in B (0, 2(5) and ip{x) = 1 in B (0, S) . The 
desired function is 

/ + 00 
if [r-^« [x - xo)] e-''''e'<^"^''''''«o>dr , 

where r'^x = (r'^^ , r'^ a;2 , . . , r*^" Xn ) ■ 

As in we easly show, for sufficiently large to, that 

277 \ V 

If we choose a such that k (a) ~< a, q >, we obtain 

iD^^'^u {xo)\ > ICri [r (ma) + 1)]- , 

and, since ^ > s, then u ^ G-^'" {Uq) for any neighborhood Uq of xq. 



-<a,q> 



Let show that u G (^fl, {Pj)^^i^ ■ Since the coefficients of Pj are in G^'"' (O) C 
G"'"!^ (f2) , thus 3M >0,ya€Zl,yi3 e Z^, Vx e Bq, Vr > 1, Vj = 1, .., N, 

(3.2) I (x, r'Co) I < Ml^l+i [r(< /3, q > +1)]^'^ r^" 
In the other hand in view of (3.1) we have 

V(5 > 0, 3Ci > 0, Vr > 1, Va; e f2, |a; - xo\ < 25r-^/>', Vj = 1, ..,7V, 

(3.3) |P,(a;,r%)|<Ciri-^/'' 
Indeed 

|P,(x,r%)| < |P,-,(x,r''eo)l+ E 

</3,<J><l 

</3,g><i 

< E |aj/3(a;)-«i/3(a;o)|+ E ^^^''^K/3(^)l ' 

<l3,q>=l <l3,q><l 

by the mean- value theorem and the choice of e, wo obtain 

\Pj{x,r'^io)\<r E C'2(5r-'^/'' + E C'ri-^/" < Cir^-^/" 

</3,g>=l </3,g><l 

Since <^ e Gg'"'' (M") , so 3Co > 0, 3io > 0, V/3 e Z!^, Va; e M" 

(3.4) |£)^<^ (a;) | < CoL|f ' [r(< g > +1)]^'' 

We choose Lq > 2MC2^, where C2 is the constant of the following inequality 
3O0, \f'y GZi,yp ezi, 

(3.5) < (7<7-/3.9>. ^'1> 



/3!(7-/3)!- r(</3,g>+l)r(<7-Ag>+l) 
In the sequel we will use the following properties of the gamma function. 

(3.6) r{a + p)=T{a)a{a+l)--{a+p-l), a>0,peZ*^ 
VA > 0, Vr > 0, Va > w, V6 > w ,Vc > a;,Va > 1 

(3.7) A"r(6 + c + 1)'^T^ < 25 [A"+^r(6 + l)'^ + r(a + 6 + c + 1)'^t°+'=]. 

We need a convenient form of Pi^ ..Pi^ u for any integer A: > 0. By the generalized 

^ 1 p(c 

Pjuix) = E ^D:?(^KM^-^o)]e-''")p,(")(e^<---'"'-''«o>) 

<a,g><l 



Leibniz formula Pj (x, £>) (ut;) = ^ -^Pj-^^uD^v , we obtain 



where 



/+00 1 
<«,9><1 

/+00 
^,(a;,r)e-''''e'<^-^'"''''«''>rfr , 

^^■(^'^)= E ^,PtH^,r''io)D^{^r''{^-^o)]) 



<a,g><l 
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For any integer k > 0, I < k and 1 < it < N, we write 

/ + 00 
A,...^A^,r)e-'■"e'<--''°''''^o>dr , 

where Pi^ designs the identity operator, and 

(x,r) = <fi [r=9 {x - Xq)] 

<a,q><l 

To complete the proof we need the following 

Lemma 4. 3L > 0, Vfc G Z+, V7 G Z^, Mx G Bo, Vr > 1, 

\DZA,...i,{x,r)\ < Co(ior^)l^lL^(r(i-^/'')^[r(<7,g>+l)r 

(3.9) + [r(< 7, g > +fc + 1)]'^'' r*=^(2-VM)^ 

Proof. It's obtained by recurrence over k. In fact for fc = 0, this is true since 
ip G Gl'"^ (M") , i.e. we find (3.4) . So suppose that the estimate (3.9) holds up to 
the order k and check that it remains valid at the order k + 1. Set 

A = r^-^/t^ 

S (fc, 13) = A'^ '[r(< /?, q > +1)]"" + [r(< p,q>+k + 1)]"" 
Then the estimate (3.9) is written as 

\D2Ai,...i, (a;,r)|<Co(Lor^)l^lL'=5(fc,7) 
Let uj — min qj, from inequality (3.7) , we have 

l<j<n 

(3.10) r^-^/^S' (A;, /3) < (fc + 1, /3) , 
indeed 

ri-^/'^5(fc,/3) = A(A'=[r(</3,(7>+l)]"^ + [r(</3,(7>+fc + l)]"^r'=) 

= A'^+i [r(< /?, g > +1)]"'' + A [r(< /?, q>+k + 1)]"^ r'= 

< 2^ (a'^+i [r(< g > +1)]"'^ + [r(< /3, g > + (fc + 1) + 1)]-'^ r'=+i 

+A*^+^ [r(< g > +1)]"'^ + [r(< /3,q>+{k + l) + r'^+i) 

< 2^+i5(fc + l,/3) 
Similarly we find 

(3.11) A^-<"'«>T<"'«>5 (fc,/3 + a) < 2^^+15 (fc + l,/J), <a,g><l 
Prom (3.8) , we have 



<ce,q><l 



< 



<a,9><l/3<7 
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where 

h = \Pi,^Ax,r''^o)\\DZAi,...i,{x,r)\ 

^2 = Efe)l^r''^^^+.(^'^''^o)||^f^u...io(^,r)| 



/3<7 

h = 



0<<a,q><l I3<j 

Since the Aij^„,i^ are functions of compact supports in B ixQ,25r~'^/ ^) , so due to 
(3.3) and (3.10) , we have 

h < Ciri-^/'^Co(Lor^)l^l5(fc,7)i'= 
(3.12) < 2^+iCiCo(ior-^)l^l5(fc + l,7)L'= 

Using (3.2) and (3.10) , we obtain 

h < 5] (^)Ml^-^l+Mr(<7-/?,9>+l)rr-Co(Lor^)l''l5(fc,/3)L'= 

/3<7 

l/'lo^+l.QCl.-Ll R\ T.k 



< Yl (y [r(< 7 - 9 > +1)]"'' MlT-/5|+V^Co (ior^)'^' 2^+1^ (fc + 1, (3) L 

/3<7 

In the other hand, (3.5) and (3.6) , give 

(3.13) [}) [r(< j-p,q> S {k, p) < C7r<^-^'*>5 (fc, 7) 

Thus we obtain 

h < ^C7l''-^lMl^-'5|+V^Co(Lor^)''''2^+i5(fc + l,7)i*= 



< 



< 



< 



/3<7 



E j r^2^+^MCo (Lor^)l^l 5 (fc + 1, 7) 



/3<7 



E (t^J r^2^+^MCo(Lor^)l^l5(fc + l,7)L 



0</3<7 



Set C3 = E (5)""' > since Lq > 2MC2"''' and r > 1, then 



a>0 



(3.14) h < ^^^^Cs2'^+'MCoiLori^^S{k + 1,^)1'^ 

Finally in view of (3.2) 

Is < E (?) [r(<7-/3,g> +l)]"^Ml''-^l+Vi-<"'«> 

0<<a,g><l /3<7 

xCo(ior^)l^+"l5(fc,/J + a)i'= 
For any a e Z", << a, q >< 1, we have 

j.l-<a,q>+£<a,q> ^ \^l-<a,q> ^<a,q> 
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which gives, with (3.11) and (3.13) , 

^3 < E E(^)[r(<7-/?,a>+i)rMi'^-/'i+i 

0<<a,g><l /3<7 

^ E E (^)'"2^+^MCo4"'(ior^)''''^(fc + l,7)i^ 

0<<a,g><l/3<7 V / 

PutC4= E 4"''tlien we obtain 

0«a,q><l 

(3.15) /3 <2^+^MC74C3Co(Lor^)'"''5(fc + l,7)L* 
If we choose 

we get, from (3.12) , (3.14) and (3.15) , 

I1+I2+ h < Co (Lor^)'''' S{k + 1, 7) L'^+i , 

which means that (3.9) holds at the order A; + 1. 

End of the proof of theorem 3. Applying the last lemma for 7 = 0, we find 

\Ai^...ioix,r)\ < CoL*=(r(i-^/'')^ + [r(fc + l)]"''r'=^(2-i/^)) 

(3.16) < (r(i-"/^)'^ + (fc!)"''r'^"('~i/''') 
In the other hand, we know that 

VA e M+,V/c e Z+,Vs > 0, ^ T, < exp 

k\ \ 2s^ J 

So 

A'= < (25^*)*^"' (fc!)'%xp (A^) 
< (2 (s - a) ijif^'^'-^^ [B)^'-^'^^ exp ( ^'^'7"'" ) 

Thus we obtain, with (3.16) , 

|^i,...io(^,OI<C^oi'(2sM)"^'(fc!)'^ ^""'^ 

where 



exp I — + exp 



^,_ £(2-l//z) ^^_l-g^ 



li{s — a) jjLS 



since e < Therefore 
zjjLS — a 



\Ai,...i, (x,r)|<2C^L"= (fc!)^%xp 
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The last estimate gives 

< C'=+i (fc)!"'' , 
which means that u € ^fi, {Pj)^^i^ I 

4. Consequences 

The theorems of this work give and unify the resuhs of BoUey-Camus |l[ and 
Metivier ||^ in the homogenous case, and the results of Bouzar-Chaili |^ in the 
quasi-homogenous case. 

Corollary 2. Let fl be an open subset o/M" and a > s >1, and let {Pj)^^^ 
be a system of linear differential operators with coefficients in G'^ '^ (fJ) , then 

(^i)^i «s 9 - quasi-elliptic in ^ G"" (vi, {Pj)^^^ C G«'" {9) 

Theorem 2 is also a generalization of the main resuh of 0. 

Corollary 3. Let U, be an open subset ofW^,s > 1 and let P be a linear 
differential operator with coefficients in G^'" (fl) , then 

P is multi- quasi- elliptic in CI ^ G'' (il, P) C G"^'^ (fl) 

Remark 2. /n [Q] the necessity has not been given even for the scalar case. 
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